Paper introduces mathematical models describing long-time effects of real savings on economic growth. Models are built for single-product and multiple-product economy with market forces presented through the system of ordinary differential equations. Modeling results show a limited long-run economic growth for occasional and constant-rate systematic internal savings, a steady long-run economic growth if acceleration rate of internal savings lies within the proper limit for every industry, and a steady long-run economic decline if acceleration rate of internal savings exceeds the suitable limit for certain industry.
Introduction
This paper is a continuation of my recent book [3] where I presented mathematical model describing economic forces acting on economic markets through the system of ordinary differential equations. Particularly in that book I built a dynamic model explaining the effect of economic forces on economic growth in market economy. The reason is that market participants withdraw some products from the markets as savings and use the withdrawn products in consecutive production as investments. That drives the products' prices on the markets up and at the same time it drives the amounts of products on the markets down. When the effect of increase in the products' prices exceeds the effect of decrease in the amounts of products one can observe the effect of economic growth whereas she can observe the effect of economic decline in the opposite situation. One important point is that products' savings are used as consecutive investments in order to increase in the products' quality. Thus increase in the products' prices during periods of economic growth is accompanied by the continuous increase in the products' quality.
In the current paper I look into various effects that savings and investments exert on the economy.
Firstly I investigate the concept by utilizing a simplified mathematical model of economy, which operates with single product. After concept becomes clear I extend the model on economy that operates with multiple products. As earlier in [2] , [3] I describe the multi-product market economy with the help of Input-Output model of Wassily Leontief (see [4] , [5] ). Here I am using the Leontief model to describe how dynamic forces affecting supply and demand on the market for one particular product are influencing the markets for other products that are produced in multi-product economy. Technological factors in economy are assumed to be constant.
Model of Single-Product Economy
Here in this section I show how process of savings in a single-product economy affects the situation on the market of product, and creates an economic growth.
The concept of economic growth is presented through dual impact of changes in the product's prices and changes in the supply-demand equilibrium on the market of product.
After supply-demand equilibrium on the market of product is reached, the economic growth is achieved through continuous improvement in the product's quality. To improve the product's quality one has to make an appropriate investment of product (remember, we are dealing with a single-product economy). That is done by applying the product's savings i.e. withdrawing an appropriate amount of product from the market. That process creates a temporal or permanent shortage of product on the market, which violates supply-demand equilibrium on the market of product, and drives the product's price up. In other words, when one pays enlarged price for an improved-quality product, she compensates from economic point of view for an increase in the product's price caused by withdrawal of appropriate amount of product from the market through the process of savings (and consecutive investment) in order to improve the quality of product.
On the other hand, withdrawing the product from the market in form of savings decreases available amount of product there. The reduced amount of product on the market is offset through an increased product' supply. Thus withdrawing the product from the market for investment and replenishing the product on the market by suppliers have opposite effects on the supply-demand equilibrium on market.
As a result it could appear a surplus or shortage of product on the market at some point in time but market forces will try to bring market to new supply-demand equilibrium in the long term. Similarly withdrawing the product from the market in form of savings increases the product's price in the long term. These dual impact drive the monetary value of product (equal to the product's price multiplied by the product's quantity) on market in opposite directions -an enlarged price drives the monetary value up, if the product's quantity increases it drives the monetary value up, and if the product's quantity decreases it drives the monetary value down. When the monetary value increases in time one can talk about economic growth, and when the monetary value decreases in time she can speak about economic recession.
To turn to mathematical descriptions, when there are no disturbing economic forces, the market is in equilibrium position, i.e. the product's supply and demand are equal, and they are developing with a constant rate and the product's price is fixed.
When the balance between the product's supply and demand is broken, the product's market is experienced the economic forces, which act to bring the market to a new equilibrium position. the product's supply , demand , and price (see [3] 
A One-Time Withdrawal of Product Savings from Market
At some point in time the equilibrium situation was broken, and the amount of product equal to was removed from the market, 
with the following initial conditions,
Initial conditions for the product's price are and
Similar to Equation (1.8) the product's price is described by the following second-order ordinary differential equation for ,
If one uses the new variable
Therefore the initial conditions for are
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Equations (1.8) and (1.10) have the same characteristic equations. And the roots of these characteristic equations are,
the solution of Equation (1.8) is (see [6] - [8] ), If inequality above holds, the solution of Equation (1.10) is
Since and it takes place and for .
Then it follows from the change of variable,
and it takes place for ,
Since and
Since it takes place for .
( ) ( ) 0
I calculate now the effect of the product's savings by comparing two monetary values of product quantity taken at the limit i.e. when the market of product comes to a new equilibrium. The first +∞ → t monetary value is the product of the product's price and the product's demand at the limit after savings. The second monetary value is the product of the product's price and the product's demand at the limit if there was no withdrawal of product from the market.
( ) ( )
the solution of Equation (1.8) is (see [6] - [8] ),
where and
If equality above holds, the solution of Equation (1.10) is 
>
Therefore it takes place for as before,
and for .
If inequality above holds, the solution of Equation (1.10) is are constants.
Since it takes place and for .
Therefore it takes place for as before, ( ) ( ) (1.27) Thus all cases to deduce the solutions of differential equations from the roots of related characteristic equation are covered.
Therefore at the limit for the withdrawal of product from the market causes both an increase of the product's price and an increase of product's demand. These actions raise the monetary value of product on the market in the long run,
That concludes the first scenario.
B

Constant-Rate Continuous Withdrawal of Product Savings from Market
According to this scenario I assume that amount of product's savings increases since time according to following formula,
where for and .
Therefore taken into account the product's withdrawal from the market in the form of product's savings described by Equation (1.28) the volume of product's surplus (or shortage) on the market in Equations (1.1 -3) has to be replaced by the volume of product's surplus (or shortage) on the market expressed as ; that produces for ,
Similar to Equation (1.29) the product's price is described by the following second-order ordinary differential equation for ,
Therefore the initial conditions for are Since and it takes place and for .
and it follows from Equations (1.28), (1.33), (1.37) for ,
where and .
If equality above holds, the solution of Equation (1.31) is
where
>
( 1 . 4 6 ) and it follows from Equations (1.28), (1.42), (1.46) for ,
If inequality above holds, the solution of Equation (1.31) is Since it takes place and for .
Since and 5 5 ) and it follows from Equations (1.28), (1.51), (1.55) for ,
Thus all cases to deduce the solutions of differential equations from the roots of related characteristic equation are covered.
Therefore at the limit for the withdrawal of product from the market causes an increase of the product's price and practically doesn't change the product's demand. These actions raise the monetary value of product on the market in the long run,
That concludes the second scenario.
C
Constant-Accelerated Continuous Withdrawal of Product Savings from Market
where for , , and .
Therefore taken into account the product's withdrawal from the market in the form of product's savings described by Equation (1.60) the volume of product's surplus (or shortage) on the market in Equations (1.1 -3) has to be replaced by the volume of product's surplus (or shortage)
on the market expressed as ; that produces for ,
Similar to Equation (1.61) the product's price is described by the following second-order ordinary differential equation for ,
Therefore initial conditions for are
Equations (1.62) and (1.64) have the same characteristic equations. And the roots of these characteristic equations are, Since and it takes place and for .
Since and 
and it follows from Equations (1.60), (1.68), (1.72) for ,
and
where Since it takes place and for .
>
and it follows from Equations (1.60), (1.81), (1.83) for ,
the solution of Equation (1.62) is, If inequality above holds, the solution of Equation (1.64) is Since it takes place and for .
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and it follows from Equations (1.60), (1.92), (1.94) for ,
and 
D Exponential Continuous Withdrawal of Product Savings from Market
Therefore taken into account the product's withdrawal from the market in the form of product's savings described by Equation (1.60) the volume of product's surplus (or shortage) on the market in Equations (1.1 -3) has to be replaced by the volume of product's surplus (or shortage) on the market expressed as ; that produces for , Initial conditions for the product's price are and
Similar to Equation (1.100) the product's price is described by the following second-order ordinary differential equation for , Since and it takes place and for .
and it takes place for , 
where 
>
If inequality above holds, the solution of Equation (1.103) Since it takes place and for .
Since and . 1 3 3 ) and it follows from Equations (1.99), (1.131), (1.133) for ,
Therefore at the limit for the withdrawal of product from the market causes a boundless increase of the product's price. Here at the limit for the withdrawal of product from the market +∞ → t +∞ → t causes a boundless decrease of the product's demand. These actions causes a boundless decrease of the monetary value of product on the market in the long run,
That concludes the forth scenario.
Model of Multiple Product Economy
Let me consider model with n products. I denote ( ) 0 
represents the supply on the market for particular product; each non-negative component of the vector
represents the demand on the market for particular product; and each non-negative component of the vector
represents the price on the market for particular product ( ). n i , , 1 K = As earlier, when there are no disturbing economic forces, the market is in equilibrium position for each position, i.e. the product's supply and demand are equal for every individual product, and they are developing with constant rates and all the product's prices are fixed.
When the balance between the product's supply and demand is broken for any particular product, the product's market is experienced the economic forces, which act to bring the market to a new equilibrium position. These economic forces are described by the following ordinary differential equations regarding to each individual product of vectors of the product's supply 
( ) ( )
I present below two scenarios describing the situation with withdrawal of products' savings.
A
Constant-Rate Continuous Withdrawal of Product Savings from Market
According to this scenario I assume that vector of products' savings 
; that produces the following matrix equation for , . 1 4 4 ) with the following initial conditions,
In matrix Equation (1.144) above the matrices are non-negative diagonal matrices.
Initial conditions for the vector of products' prices
Similar to Equation (1.144) the vector of products' prices ( ) t P R is described by the following matrix equation for ,
If one uses the new vector
Therefore the initial conditions for vector ( ) 
Therefore from the change of vector it takes place for ,
it takes place for from Equations (1.138 -140) similar to the model of single product economy, Therefore at the limit for the withdrawal of product from the market causes an increase of that product's price.
Since at the limit for the withdrawal of product from the market practically doesn't change the vector of products' demand, the monetary value of the vector of products on the market will increase in the long run, 
In matrix Equation (1.154) above the matrices are non-negative diagonal matrices.
If one uses the new vector of products ( ) ( )
( 1 . 1 5 5 ) with the following initial conditions, 
Initial conditions for ( ) 
Therefore from the change of vectors it takes place for ,
it takes place for from Equations (1.138 -140) similar to the model of single product economy, 
and the vector of products' demand at the limit if there was no withdrawal of products from the markets.
( ) t V D
Therefore at the limit for the withdrawal of product from the market causes an unlimited increase of that product's price,
Thus at the limit for the monetary value of the vector of products on the market will increase unlimitedly in the long run (as long as each savings withdrawal is carried out with a moderate acceleration rate), [
Applied Models of Multiple Product Economy
I present here the continuous time mathematical models that are partially based on Input-Output model of Wassily Leontief (see [2] - [5] ).
As in [4] , [5] I am going to use in the models a non-negative square matrix , which consists of non-negative elements showing the amount of product needed to produce a unit of product .
In continuous time production processes employed in the models I suppose that changes in input and output vectors of products occur simultaneously i.e. production time periods are equal to zero. If one wants to build a model for practical applications, she probably has to introduce a production time delay into the model.
Apart from Leontief's approach, the continuous time model described below utilizes a nonnegative square matrix additionally to matrix , which consists of non-negative elements .
Matrix is depreciation matrix and its elements show the depreciation rate of product occurred during the production of product with the unit rate. 
A Continuous Depreciation Expenses and Market Dynamics
Here I consider effect of depreciation expenses on market dynamics in multiple product economy.
To solve the task I use the depreciation matrix introduced above. 
Summary
Thus I described mathematical models describing long-time effects of real savings on economic growth in economy.
First section contains research on long-term impact of real savings in single-product economy on dynamics of economic growth. There I presented models describing distinction of economic growths when savings are presented as either a one-time withdrawal of product, a constant-rate continuous withdrawal of product, a constant-accelerated continuous withdrawal of product, or an exponential continuous withdrawal of product from the market.
Modeling provided the following conceptual results. In case of a one-time (or occasional) savings economy experiences a limited economic growth in the long run with minor increase in the product's price and slight increase in the amount of product on the market. In case of a constant-rate continuous (or systematic) savings the effect is very similar -economy experiences a modest economic growth in the long run with minor increase in the product's price and stable amount of product on the market. And only in case of a constant-accelerated continuous (or systematic and increasing) savings economy can experience a steady economic growth in the long run. With constant-accelerated continuous savings there is an effect of continuous increase in the product's price and continuous decrease in the amount of product on the market.
It produces a limit in the acceleration rate of internal savings -when it doesn't exceed the limit an economy experiences a continuous steady economic growth and when it exceeds the limit there is a continuous steady economic decline. Model showed that with an exponential continuous savings economy is exposed to an effect of continuous increase in the product's price and continuous decrease in the amount of product on the market. However the mutual combination of these outcomes always produces a continuous steady economic decline. The last fact tells one that for an economic growth internal savings should be invested directly into appropriate investment vehicles with exclusion from this process the interest-rate-bearing bank accounts. The inclusion of interest-rate-bearing bank accounts into a savings-investment chain is forcing an economy to suffer economic decline.
Second section contains a study of long-term impact of real savings in multiple-product economy on dynamics of economic growth. It has models describing distinction of economic growths when savings are presented as either a constant-rate continuous withdrawal of products or a constant-accelerated continuous withdrawal of products from the markets.
Modeling was performed to verify with the model of multiple-product economy conceptual results obtained above for a single-product economy. Results confirmed that in case of a constant-rate continuous savings economy experiences a modest economic growth in the long run with minor increases in the products' prices and stable amounts of products on the markets. Results showed that in case of a constantaccelerated continuous savings economy would experience a continuous steady economic growth in the long run only if acceleration rate of internal savings for every product doesn't exceed the appropriate limit for industry. Otherwise economy would undergo a continuous steady economic decline.
Third section presents modification of the model of multiple-product economy above to include there the effect of depreciation expenses and the products' supplies for external customers on the market dynamics. Modeling was done with the help of Input-Output model of Wassily Leontief [4] , [5] where technological factors in economy were assumed to be constant. There were considered two scenarios for situation with the products' supplies for external customers -a constant-rate continuous supply of products and a constant-accelerated continuous supply of products to external customers. Third section is mostly technical in nature and shows what kind of adjustments can be made to theoretical mathematical model of multiple-product economy to make it more applicable to the practical needs.
